Inviscid dynamical structures near Couette flow 



Zhiwu Lin and Chongchun Zeng 

School of Mathematics 
Georgia Institute of Technology 
Atlanta, GA 30332, USA 

April 30, 2010 

Abstract 

Consider inviscid fluids in a channel { — 1 < y < 1}. For the Couette 
flow vo = (j/,0), the vertical velocity of solutions to the linearized Eu- 
ler equation at vo decays in time. At the nonlinear level, such inviscid 
damping has not been proved. First, we show that in any (vorticity) 
H" (s < I) neighborhood of Couette flow, there exist non-parallel steady 
flows with arbitrary minimal horizontal period. This implies that nonlin- 
ear inviscid damping is not true in any (vorticity) H" (s < |) neighbor- 
hood of Couette flow and for any horizontal period. Indeed, the long time 
behavior in such neighborhoods are very rich, including nontrivial steady 
flows, stable and unstable manifolds of nearby unstable shears. Second, in 
the (vorticity) (s > |) neighborhood of Couette, we show that there 
exist no non-parallel steadily travelling flows v{x — ct, y), and no unstable 
shears. This suggests that the long time dynamics in H" (s > |) neigh- 
borhoods of Couette might be much simpler. Such contrasting dynamics 
in H" spaces with the critical power s = | is a truly nonlinear phenom- 
ena, since the linear inviscid damping near Couette is true for any initial 
vorticity in L . 

1 Introduction 

Consider the incompressible inviscid fluid in a channel {{x,y) \ 
satisfying the 2D Euler equation 

dfU + udxU + vdyU = —dxP 
dfV + udxV + vdyV — —dyP 

with the incompressibility condition 

dxU + dyV = 

and the boundary conditions 

u — on {y ~ —1} and {y = 1} . 



-i<y<i}, 
(1) 

(2) 

(3) 



Here, u — {u, v) is the fluid velocity and P is the pressure. Define the vorticity 
uj — Uy — Vx, then uj satisfies the equation 

UJt + ULOx + VUy = 0. 

Any shear flow [U [y] ,0) is a steady solution for ([T]). The Couette flow uq = 
(y, 0) is among the simplest laminar flows, however, it poses several long-standing 
puzzles in hydrodynamics. First, for any Reynolds number i? > 0, the Couette 
flow is also a steady state for Navier-Stokes equations 

dtu + udxU + vdyU = —dxP + -5 Am 
dtv + udxV + vdyV = —dyP + -^Aw 

with ([3]) and the boundary conditions 

{u,v) = (±1,0) on {y^±l}. 

The so called Sommerfeld paradox (d^) is that Couette flow is linearly stable for 
any R> (proved in tl9j), but it becomes turbulent when R is large as revealed 
in experiments and numerical simulations. We refer to ([IH]) and the references 
therein for attempts to resolve this paradox. In this paper, we are interested in 
another mystery about Couette flow, namely, the inviscid damping. It is obvious 
that Couette flow is nonlinearly stable in any norm of vorticity u, since for 
Couette flow wo = 1 and thus the vorticity perturbation is preserved along the 
perturbed flow trajectory. In 1907, Orr ([E]) observed that for the linearized 
Euler equation around Couette, the vertical velocity v (t) tends to zero when t 
goes to infinity. We refer to Section 4 for a more detailed study on the linear 
damping of Couette flow. It is unusual that such damping phenomena can occur 
for a time reversible system such as the Euler equation. Moreover, the issue of 
inviscid damping also appears in the study of many other stable flows ([4], [1], 
|18j . |20|'). and is believed to plan important roles on explaining the appearance 
of coherent structures in 2D turbulence. To be precise mathematically, the 
problem of nonlinear inviscid damping near Couette flow is to prove or disprove 
the following statement: When the initial velocity is close enough to Couette in 
the sense that 

\\{u (0) ,w (0)) — (y,0)||x is small enough 
in some function space X, then 

Ik (^)IIl2 when t 00, 

that is, {u {t) , V (t)) tends asymptotically to a shear flow {Uoo (y) , 0) near the 
Couette flow. So far, nonlinear inviscid damping has not been proved for Couette 
flow or any other stable Euler flows. Our flrst result shows that the minimal 
regularity for such nonlinear damping to be true is H^^ that is, the velocity 
space X must be at least H2. 
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Theorem 1 Fixed any T > and < s < |, then for any e > 0, there exists a 
steady solution {ug {x,y) ,Ve {x,y)) to Euler equation ^ with (Oj-fjj such that 
(us {x, y) , Ve {x, y)) has minimal x— period T, 

||a;e~l||„, < £, where uje = dyUe - d^Ve, 

(0,T)X(-1,1) 

and Vf; {x, y) is not identically zero. 

The above Theorem immediately imphes that nonhnear inviscid damping 
is not true in any (vorticity) (s < |) neighborhood, or equivalently in any 
(velocity) (s < |) neighborhood of Couette flow. As a corollary of the proof 
of Theorem [1] we also get the following structural instability result for Couette 
flow. 

Corollary 1 Fixed any T > and < s < |, then for any e > 0, there exists 
a shear flow {Ue (y) ,0) such that \\U^ (y) — ^-^ < e and (Ue (y) ,0) is 

exponentially unstable to perturbations of x— period T. 

The shear flow {Ue (y) , 0) is unstable in the sense that unstable eigenval- 
ues exist for the linearized problem in the domain fix — St x (—1, 1), where 
St is the T— periodic circle. By our results in [M], there exist stable and un- 
stable manifolds near {Ue {y) , 0) for the Euler equation ([T]) in Ht- Therefore, 
Theorem [T] and Corollary [1] imply that the long time dynamics in the (vortic- 
ity) (s < I) neighborhood of Couette flow is very rich, including nontrivial 
steady flows, stable and unstable manifolds of nearby unstable shear flows. 

Our next theorem shows that there exist no nontrivial steadily travelling 
flows in the (vorticity) iJ" (s > |) neighborhoods of Couette flow. 

Theorem 2 Fixed any T > 0, s > |, there exists Eq > such that any travel- 
ling solution {u {x — cy, y) ,v {x ~ cy, y)) (c € R) to Euler equation with 
X— period T and satisfying that 

II'^-IIIh- < £o, 

(0,T)X(-1,1) 

must have v{x,y) = 0, that is, {u,v) is necessarily a shear flow. 

By the proof of Theorem [21 we also have the following 

Corollary 2 Fixed any T > and s > |, there exists Eq > such that any 
shear flow {U {y) , 0) satisfying 

\\U' (z/)-l|lH=(-ia) <^o, 
is linearly stable to perturbations of x— period T. 

Theorem[2]and Corollary[2]suggests that in the (vorticity) H'^ (s > |) neighborhoods 
of Couette flow, the long time dynamical behavior of Euler flows might be much 
simpler. Particularly, the only steady structures in any reference frame are 
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nearby stable shear flows. A necessary condition for nonlinear inviscid damping 
in any space is that there exist no nontrivial invariant structures (time-periodic, 
quasi-periodic solutions etc.) near Couette flow in this space. Theorem [3] is a 
first step in this direction. 

In Theorem 13] in Section 4, we show that the linear decay holds true for any 
initial vorticity in and the optimal decay rate is already achieved for initial 
vorticity in (see Remark [2]) ■ This indicates that the contrasting dynamics 
in neighborhoods of Couette with s<|ors>|isa truly nonlinear 
phenomena and it can not be traced back to the linear level. 

A similar phenomena of collisionless damping for electron plasmas was dis- 
covered at the linear level by Landau ([5]) in 1946. In the physical literature, the 
collisionless damping had been often ([8], [18], [1]) compared with the inviscid 
damping problem. In |15) , we obtained similar results for the nonlinear Landau 
damping problem. Moreover, in the case of collisionless plasmas we are able to 
prove a stronger result that \a the critical regularity for the existence of any 
nontrivial invariant structure near a stable homogeneous state. 

This paper is organized as follows. In Section 2, we construct nontrivial 
steady flows near Couette flow in (vorticity) i?" (s < |) neighborhood and for 
any minimal a;— period. In Section 3, the non-existence of nontrivial travelling 
flows is proved in (vorticity) (s > |) neighborhood. Section 4 is to study 
the linear damping problem in Sobolev spaces. Throughout this paper, we use C 
to denote a generic constant in the estimates and only indicate the dependence 
of C when it matters. 

2 Existence of Cat's-eyes in (s < |) 

In this Section, we construct steady flows of Kelvin's cat's eyes structure near 
Couette flow in the (vorticity) (s < |) space. Our strategy is to construct 
cat's eyes flows by bifurcation at modified shear fiows near Couette. We split 
the proof into several steps. 

Lemma 1 Assume U {y) € [—1, 1] , is odd, monotone in [—1, 1], and U'(0) > 
0. Let Q (y) = ^m^y^ md define the operator 

+ Q (y) ' (-1' 1) ^ (-1' 1) ' 

dy^ 

with zero Dirichlet conditions at {y ~ ±1}- If C has a negative eigenvalue — fcg, 
then 3 £o > 0, such that for each Q < e < £q, there exist a steady solution 
(ug {x^y) ,Ve {x,y)) to Euler equations which has minimal period in 

X, 

W^e {X,y) - U' (y)|lH2(0,TOx(-l,l) = 

and the streamlines of this steady flow near y — have cat 's eyes structure, with 
a leading order expression given by When e — >■ 0, Tg — ^ ||^. 
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Proof. The proof is a slight modification of that in [TU] . Let ■00 iu) to be a 
stream function associated with the shear {U (y) , 0), i..e., tpg {y) = U (y). Since 
V'o {y),Q{y) are even in [-1, 1], we let Vo (y) = G {^y'^) and Q {y) = H (^2/^). 
Then 

and G, H £ because U (y) E C^. So we can define a function /o G 
[min i/jQ , max i/jo] such that 

- o and /o (Vo (0)) = Vo (0) • 

Then we extend /o to / e Cq (R) such that / = /o in [min "00, maxi/^o]- By our 
construction, 

/'(^o (2/)) = Q(y), for ye [-1,1], (5) 

which implies that 

/'(V'o(yM(y) = c/"(?/)-C(?/), 

and an integration of above yields 

/(Vo(2/)) = V'o(y), for ye [-1,1]. (6) 
We construct steady flows near {U {y) , 0) by solving the elliptic equation 

where ipi^iV) is the stream function and {u,v) — (ipyT—tpx) is the steady ve- 
locity. Let ^ = ax, ip (cc, y) = ip (^, y) , where ip (^, y) is 27r— periodic in i^. We 
use as the bifurcation parameter. The equation for ip (^, y) becomes 

with the boundary conditions that ^ takes constant values on {y — ±1}. Define 
the perturbation of the stream function 

2/) = '0(C,y)-V'o (?/)• 

Then by using we reduce the equation JT]) to 

"'1^ + - (/('^ + V-o (y)) - / (^0 (2/))) = 0. (8) 

Define the spaces 

S = 2/) e i?^([0, 27r] X [-1, 1]), 0(^,-1) = <?!)(^, 1) = 0, 27r - periodic and even in () 
and 

D = {0(^,2/) e -ff^([0,27r] X [-1, 1]), 27r- periodic and even in ^} . 
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Consider the mapping 

F{(t>,a^) : BxR+ ^ D 

defined by 

We study the bifurcation near the trivial solution (/> = of the equation F{(l), a^) = 
in B, whose solutions give steady flows with a;— period The linearized op- 
erator of F around (O, fcg) has the form 

g := F^(0, kl) = fc2^ + |! - /'(^o (y)) 

By Strum-Liouville theory, all eigenvalues of C are simple. In fact, as proven in 
Appendix of ^U\, —kQ is the only negative eigenvalue of £. Let (j)o{y) be the 
corresponding positive eigenfunction. So the kernel of : B t-^ D is given by 

ker(t;) = {00(2/) cos , 

In particular, the dimension of ker(CJ) is 1. Since Q is self-adjoint, (f>o{y) cos^ ^ 
R{g) - the range of Q. Notice that da2dci,F{(j), a^) is continuous and 

d^2d^F{o,kl) (My) cos = ^ [My) cos = -My) cos ^ <^ R{g). 

Therefore by the Crandall-Rabinowitz local bifurcation theorem , there exists 
a local bifurcating curve a^(/?)) of a^) = 0, which intersects the 

trivial curve (0,a^) at = fcg, such that 

m ^PMy) cos ^ + oif3), 

a^(/?) is a continuous function of (3, and a^(0) = /cq- ^^e stream functions of 
the perturbed steady flows in (^, y) coordinates take the form 

^p{C,y) = ^oiy) + l3My)cos^ + oii3). (9) 

Since (poiy) > 0, 4'o (0) = U (0) = 0, the streamlines of perturbed flows have 
cat's eyes structure near {y — 0} , with saddle points near (27rj', 0). The proof 
is completed. H 

In the next lemma, we study the eigenvalue problem of £ for a class of 
monotone shear flows near Couette flow. Let 

erf {x) — —= [ ds, — oo < a; < -l-oo. 
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be the error function. For 7 > 0, a > 0, we define the shear profile 

U^,a{y)^y + aj^eii(^) , ye{~l,l)- (10) 



Denote 



and 



U" (v) 

C^,a:H^{-l,l)^L^ (-1,1) 



to be the operator —jp + Q-y.a {v) with the Dirichlet conditions at {y = ±f} . 

Lemma 2 For any fixed a > i, when 7 is small enough, the operator C^^a has 
a unique negative eigenvalue —f3^ „. When 7^0, /S^^a tends to the unique root 
Pa of the equation 

2a = ^aC0th^a, (12) 
with the error estimate \P-y.a — /3a| = O {y/^) ■ 

Proof. We write the potential function Qj^a {y) as 

4a ye ^-1' 



Q-r^a (y) = - 



70?y + a72 erf (^) 
Aa (v\^ 1 



7V7r 



l+7aerf(^)/((^ 



where 



7 l + 7aA(f)' 

erf (y) 



f^iy) = ^ , A(y) 



y 

Since A (y) is positive and bounded, we formally derive that 

Q'r,a (y) -4a(5 (0) , when 7^0. 

,2 

Thus, when 7 — > 0, the operator L^^a tends to —-^^p — 4a(5(0), for which the 
eigenvalue can be calculated by the formula (fT2|) . We implement these ideas 
rigorously below. We divide the proof into several steps. 

Step 1: Denote Xj^a to be the lowest eigenvalue of £j,a and (j)j^a the cor- 
responding eigenfunction with ||07,a|1^2 = 1- We show that for 7 > small 
enough, 

-16a2 < A^,a < 0, 

and 

||</'xa|!Hi <8a+l. (13) 
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Note that 



Il0llt2=l ||0||j^2=l \ J-l 



Let 01 (y) = (1 — \y\), then when 7 is small enough, 



('C^,a01,0l) ^ 

^ 4 



A,,a< ^ 7(2- 4a)<0, 



since||(/)i 11^2 — | and 



lim (/:^,a</)i, 0i) = ||0'i|li2(_i 1) - Aacf>i {of = 2 - 4a < 0. 

To estimate the lower bound of A^^a, we take any e i/g (—1, 1) with ||0|1^2 = 1, 
then 

{C,,acP, 0) > |l</>'|li.(_i,i) - ^e-i^Tdy \ml^ (14) 

Taking the minimum of above estimate, we get A^^q > — 16a^. Moreover, again 
from estimate ([Ti| . 

1 1 2 

> A^,a = (£^,a07,a,(/>7,a) > ||07,a||i2 " 1 1 (/>!^,a 1 1 ^,2 

which implies that ||</>!y_a||i2 ^ 8a. 
Step 2: Let Aa be defined by 

\a= min ||0'||^2 -4a0(O)'. (15) 

Il<^'llt2=l 

We show that Aa = —13^ where /3a solves the equation (IT^ . 

First, we claim that the minimum of (|15p is obtained at some function 0a S 
iJfj. To show this claim, we note that by the same estimates as in Step 1, 

3 

-16a^ < Aa < - (2-4a) < 0. 
Let {0n}^i C Hq be a minimizing sequence of (jlSp with ||(/)n|lL2 = 1 and 
ll'^nllL2 — 4a0„ (0)^ — > Aa, when n — > oo. 

Similar to the estimate when n is large, we have ||(/>n||^fi < 8a + 1. Thus 
4>n 4>a weakly H^, and strongly in L°°. Therefore, ||(/)a|lL2 = 1 and 

||0'a||^2-4a0a(O)' < lim ||0:j|^2-4a0„(O)' = Aa. 
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Thus (pa is the minimizer of 

By taking the variation of ([T5|). one immediately obtains that (pa G 
satisfies the equation 

£ + AacPaiO) + Xa(pa = (16) 

in the sense of distribution. In particular, (pa is continuous on [—1, 1], (^^(±1) = 
0, and satisfies 

£+Xa(ba^O, on [-1,1]\{0}. 

Therefore, we have 



'/'a(2/) = Tcsinh(^V^(yTl)) , ±2/e(0,l], 
for some constant c. To satisfy (fTH]). it is easy to check that one must have 

(0+) - cP'a (0-) = -AaMO), 

from which it follows that Aq = and /3a solves the equation (fT2|). Note that 
since the function 

/(/3) =/3coth/3: [0,oo)-> [i,oo) 

is monotone increasing. So for each a > ^, there exists a unique /3a = (a) 
such that (IT2I) is satisfied. 

Step 3: We show that when 7 is small enough, 

|A^,a-Aa|<C(a)V^. (17) 

Denote the quadratic forms 



^7.«('^) = II'^'I1l^(-i,i)+ J Q,,a{y)(p{yydy 

and 

^a(<^) = ll</''||'.(_i,i)-4a0(O)' 

in Hi (-1,1). Then 

Aq < Ha (07, a) 

= iJ^^Q (07,a) + 4a / -cr ( - ) / X '/'7,a iv) dy - 4.a(p^,a {of 

= A7,a + 4a [" a{y) {p^^ (^y) - 0^ ^ (Q)) dy - Aa [ a (y) dy^^ ^ (g) 

,4„/'i.(i)^lM^<„,„.„ 

7-1 7 V7/ i + ^aA(^j 

= A7,a+Ti+r2+T3. 
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Since 



Ka(72/)-<a (0)1 <2||</>^,,|| 



< 



so 



\Ti\<Cia)^ a{y)\y\^dy<C{a)^. 



R 



When 7 is small enough, we have 



|T2|<C(a)||</)^., 



\v\>^ 



o- (y) dy <C (a) ^7, 



and 

Thus 

and similarly 



\n\ < c (a) U-,.a\\U 1 <y{y)dy<c (a) V7- 

A^,a - Aa < C (a) 



This finishes the proof of (IT7|) and thus also the lemma. H 
We are now ready to prove Theorem [TJ 

Proof of Theorem [TJ Fixed T > 0, there exists i < ai < 02 such that 



27r 

3ai < < Pa2- 



By Lemma [21 there exists 70 > small enough, such that when < 7 < 70, for 
all a G (ai,a2) the operator C-y^a has a negative eigenvalue A-y_a and 



27r 



We show that: for a G (ai, 02) , s G [0, ■ 



Indeed, 



(y) - lL.(_i,i) 0' when 7^0. 



(18) 



(19) 



so 



\u',Ay)'A\HH-i.i)^^ 



76 



ff=(R) 



Using the Fourier transform, one may compute explicitly 



76 



= c.7*-^ 
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which imphes by our assumption that s < |. Thus For any e > 0, by 
choosing 70 small enough, we can assume that 

||f/;a(y)-lL.(_i,i) < when (7,a)€(0,7o)x(ai,a2). (20) 

By LemmalU for any (7, 6) e (0, 70) x (ai, 02) , there exists local bifurcation of 
non-parallel steady flows (Cats's eyes) of Euler equation ([T])-®, near the shear 
flow {Uj^a (y) ,0). For each fixed < 7 < 70, we can find rp > (independent 
of a G (01,02) ) such that for any < r < tq , there exists a nontrivial steady 
solution 

y)) 

with vorticity cu^^a-r {x, y) which has a;— period T (7, a; r) and 

\\^jM;r - f/^,a (v)]] H^O.Tif, a;r))x {^1,1) 

Moreover, 

277 



\/—^-y,a, when r — > 0. 



T(7,a;r) 
By (fT8|). when ro is small enough, 

T (7, fli; r) < T < T (7, 02; r) , for < r < rg. 

Since T (7, a; r) is continuous to a, for each 7 e (0, 70) and r > small enough, 
there exists ax (7, J') G (ai, 02) , such that T (7, ct; J') = T. Then the flow 

{u^-r {X, y) , (X, ?/)) := (%,aT;r (a;, y) , V^^aT;r {x, y)) 

with the vorticity is a nontrivial steady solution of Euler equation, 

with X— period T and 

- U'^^^T {y)\\m{o.T)x(~l,l) = 

Thus for any < ?' < min {70, |}, combining with (1201) we have 

^^i;r {x,y) — l||_H-=(0,T)x(-l,l) ^ ^• 

This finishes the proof of Theorem [T] H 

For the shear flow U^^a (y) defined by pO]). there is only one inflection point 
at y — 0. The following Lemma about linear instability of {U^^a (y) , 0) follows 
from the result in [llj . 

Lemma 3 // the operator C~f,a has a negative eigenvalue \~f_a < 0, then the 
shear flow {U^^a (y) , 0) is linearly exponentially unstable to perturbations of any 
X— period greater than , 
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From above Lemma, it is easy to prove Corollary [T] 

Proof of Corollary [TJ For any fixed T > 0, pick a > 5 such that T > 
^.Then there exists 7 small enough such that 

27r 



„ < 0, T > 



By Lemma [31 the shear flow (f7-y,a (y) , 0) is linearly exponentially unstable to 
perturbations of x— period T. For any e > 0, if 7 is small enough, by ([T^ we 
can let 

and this finishes the proof. H 

Remark 1 We can use more general shear profiles than U^_a (y) in ilOp to 
construct cats 's eyes flows near Couette. More precisely, define 



Uj,a (y) ^y + a-f h[- 

where h e (R) is odd, h' e (R) , and 

f h" ix) , , 2 

/ —dx = bo > 0, a > —. 

Jr X bo 

By the same proof of Lemma when 7 is small enough, the operate 
(f U'\{y) 

^■y,a ■■= + Q-(,a (v) , with Q^^a (y) = , 

has a negative eigenvalue — where 

- /3a| = O (/7) and ^ ^ Pa coth/3a- 



Then the same proof of Theorem [7] yields cats 's eyes flows bifurcating form 

(Uj.a (y) 1 0) . Such shear flows {U^^a (y) , 0) are exponentially unstable for per- 

i_ 



turbations with x~period T near -3^ ■ 



3 Non-existence of traveling waves in (s > |) 

In this Section, we prove Theorem[2j For the proof, we need a few lemmas. The 
first lemma is a Hardy type inequality. 

Lemma 4 Let s e (^if)- If u{y) G i?* (— 1, 1) , and u{yo) = for some 
yo e [-1, 1] , then for any l<p < -3^, 



u{y) 



y-yo 



<C(p)hll«.(_i,i) 

LP(-1,1) 
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Proof. Since s > |, the space H" (—1,1) is embedded to the Holder space 

(jQ.s-^ (-1,1). So 

\u {y)\ = \u {y) - u (yo)| < \y ~ Vol''^ Mco.. < C |y - yof'^ \\u\\^. , 

and 

.1 ^ 
dy < / — ^dv 

= , ,1 ^ ((1 - 2yo)^-(^-^> + (2/0 + l)^-(^-^>) llull^. 
l-(§-s)pV J 



i: 






y - 2/0 



< 



l-(l-s)p 



This finishes the proof. H 

Proof of Theorem [2l Suppose otherwise, then there exist a sequence — > 
0, and travehing solutions (m„ (x — c„t, y) , (x — c„t, y)) to Euler equation ([1])- 
([3]) which are T— periodic in x and such that Vn is not identically zero, 

||w„-l||„. < En, where u!n{x,y) ^ dyUn - d^Vn- (21) 

(0,T)x(-l,l) ' a 

We can assume that ^ ^ 

^ y" Un{x,y)dydx^O, (22) 

otherwise we consider the travelling wave 

Un {x - (c„ + dn) t, y) - rf„, v„ (a; - (c„ + cf„) i, y) , 

with 

1 



The travelling wave solutions satisfy the vorticity equation 

(Un - C„) dxl^n + VndyLOn = 0. (23) 

Because of the condition (1221) . (u„,u„) is uniquely determined by the vorticity 
ujn and 



(w„,w„) - (y, 0)|j„=+i < C ||a;„ - 1||„, < Ce„. 

(0,T)X(-1,1) -"(0,T)X(-1,1) 



Since s > |, 



thus when n is large, 

- < 9j;W„ < - 



:^<9^;^^n<7^,in (0,T)x[-l,l]. (24) 
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Therefore, for each x G (0, T), m„ (a;, y) is strictly increasing for ye [—1, 1]. We 
divide (0, T) into three subsets 



Pn = {a; I c„ < -u„ (x, -1)} , Q„ = {a: I c„ > M„ (a;, 1)} . 



and 



5„ = {x I M„ (x, -1) < c„ < ?i„ (a;, 1)} . 
When X G 5„, there exists a unique 2/„ (x) G (—1, 1) such that u„ (a;,2/„ (a;)) 



c„. From (P^. it follows that 

w„ (x, ?/„ (a;)) = or dyUJ^ (x, y„ (x)) = 0, 

and we further divide S'„ into two subsets 

^ {x G Sn \ Vn {x, y„ (x)) = } , 
5,^ ^ {x <E Sn I (9yW„ (a;, y„ (a;)) = } . 

By the incompressible condition ([2]), 

dxUJn = 9a; {dyU„ - dxV„) = -Avn- 

Since (a;, ±1) = by ([3]), by integration by parts and using (f^ . we get 



nl n 1 n i f ^ f ^ V d id 

\\7vnf dydx ^ / / Vnd^ujn dydx = - / / «n " ^ " 



T /.I 



dydx 



(25) 



< 



dyLUn 



dydx 



dydx 



si ^-1 



dyUJn 



dydx + 


I f 


2 dyUJ-fi 

V — 


dydx 




J Si J~i 


Ufi Cfi 





^ I + II + III + IV. 

Since (f)^ is the lowest eigenvalue of —A on (0,T) x (—1,1) with periodic 
boundary condition in x and Dirichlet boundary condition in y, 



II V«: 



> 



"(0,T)X(-1.1) 

Thus by Sobolev embedding, for any p > 1 



(f)^KI 



T 2 

(0,T)X(-1,1) 



Since 



nliLP <Cip)\\Vn\\H^ < C (p) || Vw„ 1 1 ^2 

(0,T)X(-1,1) (0,T)X(-1,1) (0,T)X(-1,1) 



\dyUJn\\rrs-l <||w„-l||rr. < 

-"(o,r)x(-i,i) -"(o,T)x(-i,i) 



(26) 
(27) 



again by Sobolev embedding, 



\dyUJn\\rP < C (p) En for any 1 <p < — — , 

■^(0,T)X(-1,1) (2 — s)_^ 
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where 

= max{2-s,0}. 
So we can always choose pi,p2,P3 such that 

2 



Pi> 1, 1 <P2 < 



and 



When X e Pn 



so 



(2-s)+^ 
1 1 1 



1< P3 < 2, 



= 1. 

Pi P2 P3 

\un (x, y) - c„| > |u„ (a;, y) - u„ (x, -1)| , 



< IknlliPi \\9yUJn\\rP2 

" "-^(0,T)X(-1,1) " "-^(0,T)X(-1,1) 



(0,T)X(-1,1) 







y + 1 


-P7lX(-l,l) 




1 


P3 


\ P3 




dx 


LP3(-i,i) y 



In (X,y) - Un [X, -1) 



(0,T) X (-1,1) 



< Ce„ ||Vv„||^2 



(0,T) X (-1,1) 



< Ce„|jVi;„||^2 



da; I (By Lemma 2]) 



(o,T)x(-l,l) (0,T)x(-l,l) ■■ '""(O.T) X (-1,1) 

Here in the second inequahty above, we use (|26t . (|27|) and the estimate 



y + 1 



u„ - Un (x, -1) 



1 



\dyUn {x,y)\ 



<2, ye{-l,y).. 



due to (p4)) . By similar estimates as that for /, we get 



//, III <Cen\\VvJi2 



(0,T)X(-1,1) 



To estimate IV, we choose 



1 < pi < min{2, P2 = 2pi, 



then 



IV < C \\vn\\'^,2 

(0,T)X(-1,1) 



dyUJn 



X (-1,1) 



<C|lVi;„|li2 



(0,T)X(-1.1) yjg2 



j \\dyUJn\fHs-i(^^ii) dx\ (By Lemma S]) 



<C||Vi;„||;2 \\un-l\\frs <Ce 

n V TJ^ |j r 2 

-^(0,T)X(-1,1) -"(0,T)X(-1,1) -^(0,T)X(-1,1) 
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Thus from (|25p and above estimates, 

l|V«„||i. <Ce,,\\Vvr,\\l^ 

-^(0,T)X(-1,1) -^(O.T)x(-l,l) 

When n is large, this impUes that Vf„ = and thus Vn — 0. This is a contra- 
diction. H 

To prove Corollary [2l we use the following Lemma which follows from The- 
orem 2.7 of [13]. 

Lemma 5 Let U (y) E [— 1, 1] be a monotone flow. Denote U}, - ■ ■ ,Ul to 
be all the inflection values of U {y) , that is, Ul — U for some £ [~1: 1] 
satisfying U" (y*) — 0. Then the shear flow [U (y) ,0) is linearly stable to per- 
turbations of X— period T, if for any 1 < i < I, the operator 

' ~ dy^^ U - Ul 

with Dirichlet boundary conditions in [—1,1] has the lowest eigenvalue greater 
than - (^)^ 

Proof of Corollary [2l We use the notations in Lemma O We shall show 
that Li > for any I < i < I, when \\U' (y) — l\\ffs(^_i i) < £o (s > |) is 
sufficiently small. Then the conclusion of Corollary [5] follows from Lemma [51 
Take any nonzero function u e ( — 1, 1), then 

2 U" 2 



Fix 

1 < Pi < min{2, 
and let p2 — 2p[. Since u (±1) = 0, 



lU-Ul 



1 



and by Sobolev embedding 

II"IIlp2(-1,1) < ||u'||^2(_l_l) ■ 

When Eq is small enough, 

i<t/'(2/)<| for ye [-1,1], 



thus by Lemma m 



{LiU,u) > ||u'||^2 - 



U" 



/||2 



u" 



u{y) dy 



y-y 



U -Ul 



LPi 



y-y' 

\\U"\\h 

>(1-Ceo)||"'|li2(_i,i)>0, 



LP2 
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This shows that Li > when Eq is sufficiently small and the proof is completed. 



4 Linear decay problem 

In this Section, we studied the linearized Euler equation around Couette flow. 
In the vorticity form, the linearized equation becomes 

ojt + yuj^ - 0, (28) 

where cj (t,x,y) has a;— period T. If the initial vorticity w (i = 0) = w*^ {x,y), 
then 

oo[t,x,v)=uj\x-ty,y). (29) 

Notice that any w = w (y) is a steady solution of (^5)) . For a general solution 
(|28p. the X— independent component of lo remains steady and does not affect 
the evolution of the vertical velocity v (t). So we only consider o;*^ {x,y) with 
w'^ (x^y) dx = 0, and for such functions the Fourier series representation is 



O/fcGZ 



Under this assumption, it is easy to see that such a vorticity field uniquely 
determines a velocity field satisfying 

T 

u{x, y)dx = 0. (30) 



To simplify notations, we take T — 211 below. We define the space H^"" Hy^ by 



Theorem 3 Assume a;° (x, j/) da; = 0. Let lo (i, x, y) be the solution of I128\, 
with oj {t — 0) = Lu^ {x, y), and 

u{t,x,y) = {u {t,x,y) ,v{t,x,y)) 

is the corresponding velocity satisfying (|30p. 

(i) Ifu" {x,y) e Ll y, then 

\\u{t,x,y)\\j2 —5^0, whent^ oo. 

(ii) Ifuj" {x,y) e H-^Hl, then 

\\u{t,x,y)\\r-2 =o[-), whent—i' oo. 
^■y \t I 
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(iit) Ifuj° {x,y) e H-^Hl,then 

h{'^^^^y)\\Ll^^ O (^j^ , whent^cG. 

(iv) Ifuj° ix,y) e H-'H^ (0 < s < 1), then 

l!"(^)a;,y)||^2^ = o , whent^oo. 

(v) IfLu" {x,y) e H-^H^ (1 < s < 2), then 

lk(i)a;,y)||^2 ^ O ^^YTl) ' whent^oo. 

Proof. Proof of (i): We shall show that u> {t, x,y) weakly in y, then 
||m (i, x, y)||^2 — >• because of the compactness of the mapping u ^ u in L^ y. 
To show the weak convergence, we take any test function 

Then 

p2TT pi 

J J ^it,x,y)(l}{x,y) dydx 

= J ^uj" {x, y)<l>(x + ty, y) dydx (by m) 

= E iy)<l>-k{y)e-'"'^dy 

= E f ^Uy)^-k{y)e-'"'^dy+ E f ^l{y)^-k{y)e-^"'ydy = I + II. 

\k\<N \k\>N''^^ 

For any £ > 0, we fixed N large enough such that 

|//|< ( E \Hiy)ti\ mLu<e- 

\\k\>N 7 

By Riemann-Lesbegue Theorem, |/| — > when t oo. Since e is arbitrary, this 
proves that 

Lo (i, X, y) 4> {x, y) dydx — when t ^ oo. 
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Proof of (ii): Define the space for the stream function by 

= {'ijj e H^ y \ — on {y ^ ±1} , V' is T-periodic in x} . 

Then 

imphes that ipk (y) E Hq (—1,1) and X]fc llV'fellLi < oo- By a duality lemma in 

ttU, 



\\u{t,x,y)\\^2 <C sup 



^i't,x,y)'ijj{x,y) dydx 



= c sup t ^l{y)i^-k{y)e-''''ydy 

V-effMl^ll^i^ifc^o "'-1 



■4, 



1 

Hi 



C|i on 



Proof of (iii): Note that 

-At; ^ uj^ = iJl.{x - ty, y) in ^ (0, 27r) x (-1, 1) , 

and u = on {y = ±1}. Define the function Lp {t,x,y) by solving —Aip = u in 
ri and (p — on {y ~ ±1} . Let 

where (pk satisfies that 



+ k'^] (Pk= Vk, (fk (±1) = 0. 
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Then 

|2 



(J ^ 2 C ^ 1 

- 72E mll'^^ (^'*)^° < 72E m ll"^^ {vMhi (^)IIj^^ 



^^(e^ IK (2^)1^0 fEii-^(^'*)iii? 

c 



therefore 

IHIl^(o)<^IKL- 

The decay rates in (iv) and (v) follow from (i)-(iii) by interpolation. This finishes 
the proof of Theorem |3l H 

Remark 2 The decay rates 0{\/t) for ||u||^2 and O (l/i^) for \\v\\j^2 in The- 
orem\^ (ii), (in) are optimal. They cannot be improved even for smooth ini- 
tial vorticity. Consider a single mode solution with uj^ {x,y) — e'^^^(f){y) and 
4> {y) S C°° (—1, 1). Then u! {t, x, y) — e^'^'^e^''^'^^ (y) and by Poisson's equation 
the stream function is tp (t, x, y) = e^^^tpk {t, y) ,where tpk {t, y) satisfies 

[-£2+ fc') y) = (y) , {t, ±1) = 0. 

Denote G {y, yo) to be the Green's function given by 

G{y,yo) = / sinhfc(y< + l)sinhfc(l~y>), 
k smh k 

where ?/< and ?/> are the lesser and greater of y and yo respectively. Then we 
have ^ 

i>k {t,y)^ j G {y, yo) e-^'^'^V (yo) dyo, (31) 
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and the \/t^ decay ofipk (t, y) follows from integration by parts because G {y, yo) 
is and its derivative is piecewise dijjerentiable. Moreover, by explicit evalu- 
ation of the integral in H31\) . it can be shown that 

{t,y) = ^fk{y)e'^'''y + o(^^^ 

where fk (y) is not identically zero. Thus 

ll"(^>a;,y)||^2 =||V'fellL2^7 

^^.v t 

and ^ 

Ik(i>2;,2/)|li2 = fc|lVA-|lL2 -J. 

V t 

The same decay rate O (p-) for v{t,x,y) was obtained in (f^^, f^, JTTj). Our 
main purpose in this section is to get the linear decay for most general perturba- 
tions. We note that the calculations in (Sj^ contain mistakes and only yield the 
estimate 

{t,y) = \gk {y)e-'^'y + o(^^y 

from which only O (j) decay is obtained for v {t,x,y) and no decay is obtained 
foru{t,x,y) = V'fc {t,y). 
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